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ABSTRACT

This paper deals with the triple Laplace transforarsd their properties with examples and applicasiao
functional, integral and partial differential equahs. Several simple theorems dealing with genamaperties of the triple
Laplace transform are proved. The convolutionpitsperties and convolution theorem with a proof digcussed in some
detail. The main focus of this paper is to devdél@pmethod of the triple Laplace transform to sohiBal and boundary

value problems in applied mathematics, and mathiealgthysics.
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1.1. INTRODUCTION

P. S. Laplace (1749-1827) introduced the idea eflthplace transform in 1782, In his celebrated ystofi
probability theory and celestial mechanics. Lapkcelassic treatise on LaTh’eorie Analytique de®bRbilities
(Analytical Theory of Probability) contained somaskz results of the Laplace transform which is of¢he oldest and
most commonly used linear integral transforms abdd in the mathematical literature. This has ¢iffety been used in
finding the solutions of linear differential, diffence and integral equations. On the other handepdo Fourier's
(1768—-1830) monumental treatise on La Th'eorieAighg de la Chaleur (The Analytical Theory of Heatovided the
modern mathematical theory of heat conduction, ieoweries, and Fourier integrals with applicatidnshis treatise, he
discovered a double integral representation ofraperiodic function f(x) for all real x which is iuersally known as the

Fourier Integral Theorem in the form

— i kx| [ siké }
f()=5[ ¢ U«» F(£) e af | ol

The deep significance of this theorem has beergrézed by mathematicians and mathematical physiofkthe
nineteenth and twentieth centuries. Indeed, thiorém is regarded as one of the most fundamenpaksentation
theorems of modern mathematical analysis and hdespread mathematical, physical and engineerindjcafipns.
According to Lord Kelvin (1824-1907) and Peter GigtfTait (1831-1901) once said: “Fourier's Theoravhjch is not
only one of the most beautiful results of moderalgsis, but may be said to furnish an indispensatdtument in the
treatment of nearly recondite question in modemspis”. Another remarkable fact is that the Fouirdgegral theorem

was used by Fourier to introduce the Fourier trammsfand the inverse Fourier transforfilis celebrated work of Fourier
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was known to Laplace, and, in fact, the Laplacediarm is a special case of the Fourier transfdtrwas also A. L.
Cauchy (1789-1857) who also used independently sdrtie ideas of the theory of Fourier transforfisthe same time,
S. D. Poisson (1781-1840) also independently apptie method of Fourier transforms in his researtlhe propagation
of water waves. Although both Laplace and Four@ndforms have been discovered in the 19th centungs the British
electrical engineer, Oliver Heaviside (1850-192%pwnade the Laplace transform very popular by apglit to solve
ordinary differential equations of electrical ciitsuand systems, and then to develop modern opesgdtcalculus in less
rigorous way. He first recognized the power andcess of his operational method and then used i pswerful and
effective tool for the solutions of telegraph edoas and the second order hyperbolic partial déifdial equations with
constant coefficients. Subsequently, T. J. Bromw({t&75-1930) first successfully introduced the tigeof complex

functions to provide formal mathematical justificat of Heaviside’'s

Operational calculus. After Bromwich’s work, notabtontributions to rigorous formulation of operatd
calculus were made by J. R. Carson (1886—1940),déarPol, (1892-1977), G. Doetsch (1889-1959) aadynothers.
Both Laplace and Fourier transforms have been etugery extensively and have found to have a wideety of

applications in mathematical, physical, statistieald engineering
Sciences and also in other sciences. At preseate tis very little work available on the double |z
transforms of f (X, y) of two positive real variableX and Y and their properties and applications. So, theomaj

objective of this paper is to study the triple Laga transform, its properties with examples andiegdjons to functional,

integral and partial differential equations. SeVermple theorems dealing with general propertiethe double Laplace
theorem areproved. The convolution df(X, Y, Z) and g(x, Y, Z), its properties and convolution theorem with a

proof are discussed in some detail. Thakur(2did)e develop Some Properties of Triple Laplacendfam. The main
focus of this paper is to develop the method ofttipde Laplace transform to solve initial and bdary value problems in

applied mathematics, and mathematical physics.

1.2. Definition of the Triple Laplace Transform and Examples

The triple Laplace transform of a functiokr (X, Y, Z) of three variablesX, Y and Zdefined in the first

octane of theXYZ- plane is defined by the triple integral in thenfo

f(pan=LF(xvd]= L Y Rxy}ix py oz |

00 00 00

Uf(par)=L[F(xy.2]=[[[F(xy 2)et™> dxdd

000

Provided the integral exists, where we follow Dedhnand Bhatta to denote the Laplace transform

f(p)=LF(X); x> P of f(X)and todefine by

f(p)=L{F(x} = Jepx x) dx, Re( p> 0
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and the inverse Laplace transformation f:)( p) and to define by

C+ioo

F(x)= L‘l{f(p}:% j e” f(p)dp, =0

C—ioo

Evidently, L3 is a linear integral transformation as shown below

L [aF(x y, 3+ a3 R(x % A=

00 00 00

[[] taR(x v 2+ a BOx ¥ ¥l dxdyd:
000
([T aRx v 2 €7 daxagiz+[ [ [ a,F,(x,y, 2 679" dxdyd
000 000
= aITTT Fl(x’ Y, 2 e—(px+qy+r2)dxdyjz+ QTTT E(X y 3e—(px+qy+rz) dxdyd
000 000

=al [R(x Yy, 9]+ aLlF(Xx Yy H
Where &, and @, are constants.

The inverse triple Laplace transfolng_l[f ( P, g, r)] = F (X, Y, Z) is defined by the triple integral

formula

L[ f(par)]=F(xvy.2

1 C+ioo . 1 d+ioco 1 e+ico
= “dp— | €' d € d
277' c—iooe p 272[ d:“ioo qu—J'ioo ( p Q)
It follows that L3_1|: f ( P, q, r)] satisfies the linear property

L laf(pan)+bg(pafl=at’[ f(pan]+blL" o pan]

where a and b are constants. This shows i.tka%is also a linear transformation.

Examples

@1t F (X, Y, 2)=K for x>0,y>0andz>0 then
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f(par) =L{Kk =L L{L(kx~ p)iy- ¢;z- 1]

f(p.ar)=L{K =k [ e dxdyd:

000
(o) _ [ee] _ [ee] _ k
— pPX q rz —
k'([e dx!) e ydyj; e”d o

() 1f F (X, y, 2= exp(axt byt Cforall X, Yand Z, then

00 00 00

f(p,ar)=L{exyax+ byc} = J”e'{(p'a) D8R gxdyd;

000
:J'e-(p-a)xdxj' e—(q-b)ydyj groz g
0 0 0

1
(p-a)(a-B(r-9

() simitarly If F (X, Y, 2) = exd (ax+ byt C}, then

1
(p—ia)(q-ib)(r—ic)

(p+ia)(q+ ib)(r +ic)
(p* +a)(q" + b)(r* +c)

f(p,ar)=L{exd (ax+ by+c2)]} =

= L,{cosax+ by+ @)+ isin@x+ by+ cz =

= L,{cosx+ by+ cz} +iL,{ sin(ax by c}

{(pa-ab) r-(ag+ by ¢+ {( pa- ap e( @+bp)r]
(P +@)(q +b2)(r* +¢?)

Consequently,

(pg-ab) r—(ag+ by c

oSt DY 02k - e + B e

(pg-ab) c+(ag- bp r
(p* +a)(a’ + D)(r* +¢%)

and  L{sin(ax+by+cz)} =
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f a=b=c=1, then

_ par-p—-gq-r
LS{COS(X+ y+ Z} - (pz +1)(q2 +1)(r2 +1)

and  L{sinx+y+ 2} - (pziql;(gzriiir_zi 5

@ 1f F(X, y, 2 = cosl{ axt byt CE then

L,{coshéx+ by+cz} :%[g{exq axt byr o} +L,{ exp ax yb 2§ ]

frwtwr i
2[(p-a)(a-DB(r-9 (p+a(a- B(r ¢

Similarly,

L,{sinh@x+ by+cz} :%[g{exq axt byr ¢} - L{ exp ax yb 2§ ]

:g{ 1 ~ 1 }
2 (p-a)(g-bB(r-9 (pta(agr b(r &

@1 F(X Y, 2) =(xy2)", then

00 00 00

{ (xy2) } I” (x y2)"e P dxdyd:

000

:Tx”e‘pxde y eV dj 2 €«
0 0 0

nonod (n!)’
- pn+1 ) qn+1' rn+1 pn+1qn+1 n+l°
where N is a positive integer.
Similarly,
L{X y" 7] - I m! n l'm!

[+1 " +1° .+l [+1 m+1 n+1'
p g™ T g
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We know that relation between Gama notation antbfedt notationr(S+ 1) =gl

Then |-3{X| Y" Zn} = r(l +1)p|+(1r;3nf11r)1+1(n+])

wherel,m and N are positive integers

Theorem  1: First  Shifting  Theorem: If La[F (X, Y, Z):| =f ( P, g, r), then

L3|:e_(ax+by+03 F(x v, g] - f((p+ a),(g+b),(r+ C))

00 00 00

Proof: LetLS[F X, Y, Z p qr :JIJF X, Y, Z (pray g dxd/dz.

000

00 00 00

Then LS[ (@xby el F(x, 3] = IHF X, y, 2)e ™™D g P & ¥ gydyd

000

e {(p+a) x{ a+h ¥ F ¢ 3 F(X, y, z)dxdyd

gl

00

:Te p+a)x |:TT (q+b)y+(r+c)zF X yj dyd}
0 00

Note that the integral inside the bracket satisfiesproperties of the double

o238

Laplace transform and is given JSJA g (APl y(rea 2 F( XY, 3 dyd = f (X, g+ br+ C) :
00

Thus Ie‘(‘”a)XF(x, g+ br+c)d= f(p+a g+ hr+c).
0

Theorem 2: Change of Scale Property: If LS[F (X, Y, Z)] = f ( P, q, I‘), then

L,[F(axby,c3] :aibcf (%’Eb’_rc)

00 00 00

Proof: LetLS[F XY, Z p qr :JIJF X, Y, Z IOXJrqywz)dX(i/dZ.

000
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00 00 00

Then LS[F ax,bycz] :HIF ax, by,cz)e‘(px“‘y”z)dxdyd;

000

je p{”e W) F(ax, by,c2) dyd% 3
Note that the integral inside the bracket satisfiies properties of the double Laplace transform iangiven as

ay+r2) qr
”e V) F(ax bycz)dydz-b—f(ax,TJ _cj

me-fem L axd oo L[ 291
bc b c abc {a b c

0

Theorem 3: Multiplication by X y" 2t L3[F (X, Y, Z):| = f ( p, g, I‘) , then

I+m+n a|+m+nf ( p1 q! r)

L[ Xy Z F(x ¥ 3]=(-1)

op'agror”
Proof: Let LS[F XY, Z p qr :JIJ X, Y, Z IOXJrqywz)dX(i/dZ.
000

a|+m+nf ( P, q, I') a|+m+n 00 00 00 y
- F(x, v, 2)e ™ dxdyd
e apagar  opagiar !M (x y.z)e i

m+n o

al T - qy+rz
=—|e™ dydZ ®
o [aqmar ” %y ey %

Note that the integral inside the bracket satigfiesproperties of the double

m+n

" oqTor” JJF(x y.2)e®dydz -
00

Laplace transform and is given

L{(-)™"y"2" F(% v 9)

ot S veson)
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- L{(—l)I+m+n XY"ZF(xy, 2)]

[+m+n a|+m+nf ( p q r)
op'oqrar"

ThereforeL [X y"Z' F( XY 3] ( )

Theorem 4: Assuming that the functiof (X, Y, Z) is triple Laplace transformable, then

(i)%{%} =par f(p.gr)- pqf( pq0- prf po,j- qgrfl 0,q,)

+pf(p0,0+qf(0,,9+rf(0,0r)-f(00)

(i L{&Xyﬂ =p’f(py.2)- P f(0y.9- o (g)’(y’z) _azfg;,y,z)_

Theorem 5:If L3[F (X, Y, Z):| = f ( p, g, I’) , then

L[F(x-a,y=-B.z-y) H(x-a, y- B, z y)] = """ £(p.q 1), where
H (X, Y, Z) is the Heaviside unit step function defined bi/(X —a Y- b Z— () =lwhenX> Q,

y>Dbandz> C:andH(X—a, y—-h z- ():OwhenX< a, y<bandz<c.

Proof: Let L3[F XY, Z) p o} I’ =T]:T x Y, Z p><+qy+r2)dxq/dz'
000

Then | F(x=a,y=B.z-y)H(x-a, y-B, zy)]

e

00 00 00

= [[[e™ ™ F(x-a,y- B, z-y) dxdyd

apy

(o) £ X a,y- B, z- y) H( x-a, Yy B, z—y) dxdyc

O'—.S

Which is, by puttingX =& = U, Y— ,8: VandZ— ) =W
—(pa+qB+ry) J'J'J' ( pu+ qv+ rv) F U Y V9 dudvad
000
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- P £ (g,

Theorem 6: If F(X, Y, Z) is a periodic function of period%, ,3 and ), e,

F(x+a, y+B,z+y) =F(X, ¥,2) and if L3[F(x, Y, z)] exists, then I_3[F(x, Y, z)] =

ap
—(pa+qB+ry) ‘([J(;‘ie a1 X Y, Z)dXdyd¢

Proof: Let LS[F X, Y, Z p g, r :IJ F X Y, Z (P dxdydz
00

o3

00 00 00

=ﬁjy‘e e B (x, y, 2)dxdydz I”e (o E(x, y, 2) dxdyd:
000

apBy

Puting X=U+4a, y= V+ ,B and Z= W+ )/ in second triple integral, we obtain

(par)=

O'—;Q

By
”e (o E(x, y, 2)dxdyd:
00
~(pa+af+ry) TTTe pu+qv+rw u+ a, vHB,w+ y) dudvw
000
apBy
:”je P E(x, y, 2)dxdyd:
000
~(pa+qB+ry) TTTG pu+ Qv+ 1w) u V,W) dudrdw
000

aBy
= ”je (o) E(x, y, 2)dxdydi € %) £(p g 1)
000

L f(p,a,r) ) ]iﬁe e E(x, y, Z)dkdyd:
000

Convolution and Convolution Theorem of the Triple Laplace Transforms

The convolution ofFF (X, Y, Z) and G (X, Y, Z) is denoted b)( F DDDG)( XY, Z) and defined by
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(FOOOG)(x Y, 2=

O ) <

[[F(x-a,y-B.2-y)G(a.B.y)dadBdy.

Theorem 7: Convolution Theorent If LS[F (X, Y, Z)] = f(p, a, I') and L3|:G(X, Y, z)] =
g(p,q,r), then

L{(F0006)(x v, 2} = L[F(x v, 9] L[G(x v, 3] = F(p.ar) g (p.ar).

Or, equivalently,

L*{f(p.ar)g(p.ar)} = (FOOG)(x % 3.

where ( F JUOG XY, is defined by the triple integral which is oftealled the Convolution integral
y p g g

of F (X, Y, Z) andG(X, Y, Z) . Physically,(F DDDG)(X, Y, Z) represents the outputcﬁ (X Yy Z) and
G(x Y, 2.

Proof: We have, by definition,

L{(F 00O0G)(x v, 2} Tﬁe P (FOO0G)( % y 2 dxdyd
000

O'—.8

- [ffeteeer {HI F(x-a,y-p.2-y)G(a.B.y) daowov} dxdlyiz

which is, using the Heaviside unit step function

I]j)e PX*Qy+ 12) HTTF(x—a’,y—ﬂ,Z—V)H(X—O’ y-p8, z- ) (0,8

: , z-y)G(a,By) da dB cy} dxdyd
:IHG(a,ﬁ,y)dadﬁdy{m ™ Hx-a,y- B, z-y) Hx-a,y-f. z- y)} dxdyz
which is, by Theorem 5,

~(pa+as+ry)

e

o3

(p.arnGa.By) ddBd

e—( pa+aB+ry)

o3

Gla.B.y) a B &
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= f(par).g(par).

This completes the proof of the convolution thearem
CONCLUSIONS

In this paper, Triple Laplace Transforms and Thpeaperties, some simple example and applicatiomslefined.
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